Abstract. In this paper we highlight some enumerative results concerning matroids of low rank and prove the tail-ends of various sequences involving the number of matroids on a finite set to be log-convex. We give a recursion for a new, slightly improved, lower bound on the number of rank-r matroids on n elements when n = 2 m − 1. We also prove an adjacent result showing the point-lines-planes conjecture to be true if and only if it is true for a special sub-collection of matroids. Two new tables are also presented, giving the number of paving matroids on at most eight elements.
Definitions
Let S n be a finite set of size n. A matroid M is a pair M (S n , B) such that B is a non-empty collection of subsets of S n satisfying the following basis-exchange property:
∀ X, Y ∈ B, ∀x ∈ X − Y, ∃y ∈ Y − X s.t X − {x} ∪ {y} ∈ B.
S n is called the ground set of the matroid and B the collection of bases. A consequence of this axiom is that all sets in B have the same cardinality, called the rank of the matroid. The collection of independent sets of M is I(M ) = {I : I ⊆ B, B ∈ B(M )}. An element x ∈ S n is called a loop if {x} ∈ I(M ). If for every pair of distinct elements {x, y} ⊆ S n there exists I ∈ I(M ) s.t. I ⊇ {x, y}, then M is called a simple.
Let Å k r (S n ) be the class of rank-r matroids on S n with all k-element sets independent, non-empty for all 0 k r n, and the union of these classes over k r n is denoted Å k (S n ). We say two matroids M 1 (S n , B 1 ) and M 2 (S n , B 2 ) are isomorphic if there exists a permutation π of S n such that B 2 = {π(B) : B ∈ B 1 }. Let M k r (S n ) and M k (S n ) be the corresponding classes of non-isomorphic matroids (i.e. 'different' matroids). The collections Å 0 r (S n ), Å 1 r (S n ) and Å 2 r (S n ) identify the classes of rank-r matroids, loopless matroids and simple matroids, respectively, on S n . Å r−1 r (S n ) is the class of rank-r paving matroids on S n and the single matroid in Å r r (S n ) is the uniform rank-r matroid on n elements. Note that Å i+1 r (S n ) ⊂ Å i r (S n ) for all 0 i < r. Given M ∈ Å 0 r (S n ) and X ⊆ S n , the restriction of M to X, denoted M |X, is the matroid with independent sets
The rank of A ⊆ S n is defined by r(A) := max{|X| : X ⊆ A, X ∈ I(M )}. We call A ⊆ S n a flat if r(A ∪ {x}) = r(A) + 1 for all x ∈ S n − A. We denote by F k (M ) the collection of rank-k flats of M and the numbers W k (M ) := |F k (M )| are called the Whitney numbers of the second kind. We may also define a matroid in terms of its flats: the pair M (S n , F = {F 0 , F 1 , . . . , F r }) is a matroid if for all 0 i < r and F i ∈ F i , the collection {X − F i : X ∈ F i+1 and X ⊃ F i } partitions the set S n − F i .
For a general matroid M , the relationship between the collection of flats and independent sets may be seen as follows: a set F is in F(M ) if I ∪ {x} ∈ I(M ) whenever I ⊆ F , I ∈ I(M ) and x ∈ F . Conversely, a set I is in I(M ) if for every x ∈ I, I − F = {x} for some F ∈ F(M ).
The upper truncation U k (M ) of M ∈ Å 0 r (S n ) is the matroid obtained by removing the rank-i flats of M for k i < r. The resulting matroid is a
A collection H of subsets of S n is a d-partition of S n if every d-set of S n is contained in a unique set of H and |H| d for all H ∈ H. We call the d-partition trivial if H = {S n }.
Enumerative results and conjectures
Several papers and books addressing the number of matroids on a finite set have used the terms 'number of matroids' where 'number of non-isomorphic matroids' or 'number of non-isomorphic simple matroids' was intended. The tightest bounds on the total number of matroids (i.e., fixing n and summing over r) are to be found in Knuth [12] and Piff and Welsh [19] . Some surprising recent work gives the asymptotics for the number of binary matroids, see Wild [24] . Also, the long-standing conjecture of Welsh [23] that |M 0 (S m+n )| |M 0 (S m )||M 0 (S n )| has recently been proved independently by Lemos [15] and Crapo and Schmitt [8] .
To resolve the confusion regarding what the term 'number of matroids' means, in this paper we will distinguish between the six classes: Å 0
To align our notation with the the standard literature on this subject, let us mention the following; Crapo [5] gives the first 4 numbers in the |M 2 (S n )| row of the table for |M 2 r (S n )| in Section 5. The table for |M 2 r (S n )| was first given in Blackburn, Crapo and Higgs [4] and is reprinted in Welsh [21, p.306] . The table |M 0 r (S n )| was first given in Acketa [3] , extending earlier results from Acketa [2] , and is reprinted at the back of Oxley's book [18] . The numbers enumerated in Acketa [1] were |M 0 2 (S n )|. Let p(i) be the number of partitions of the integer i, n i the Stirling numbers of the second kind and b(i) the i th Bell number. Through consideration of the loops and points of general matroids, we have the following relations:
Using these equalities, we have the following closed forms for certain lowrank matroids:
Theorem 2.1 (Dukes [11] ). For all n 2,
By duality we can also enumerate high-rank matroids as the following lemma shows:
n−1 (S n ) is specified by a unique circuit of length k for some 3 k n, the elements not contained in this circuit are the isthmuses of M . If B(M ⋆ ) = {{x 1 }, . . . , {x k }} then this circuit is C = {x 1 , . . . , x k } and the number of ways to choose such a circuit is simply the number of subsets of S n of size at least 3, hence
and relabellings thereof. Enumerating this class of matroids whose duals are not simple gives:
and the corresponding non-isomorphic number is
A well cited conjecture (proposed by Welsh [22] ) states that the number of 'different' matroids on S n (i.e. |M 0 r (S n )|) is unimodal in rank. It seems unfair to restrict this conjecture to only one of the six classes of matroids so we propose;
and |M 2 r (S n )| n r=2
are unimodal and attain their maximum at r = ⌈n/2⌉.
The following theorem summarizes partial progress with this conjecture.
Theorem 2.4 (Dukes [9] ). For all n 6,
In problems involving unimodal sequences, it is sometimes easier to show a sequence to be log-concave and therefore unimodal. It is not clear that the
are log-concave. The evidence in the tables would seem to suggest log-concavity. However, this is only the case for n small. We exhibit the following theorem which shows the beginning (in some cases the end) of these sequences to be log-convex once n is sufficiently large. First we require two lower bounds to aid the proof. Theorem 2.5 (Dukes [10] ). For all 2 < r < n,
Theorem 2.6. The matroid numbers satisfy the following inequalities
Proof. Each follows from combining known closed forms, and in some cases inequalities, for the numbers and using induction. The first and second inequalities follow directly from Theorem 2.1. The third inequality follows since
, by using Theorem 2.5 with r = 3. It can then be verified that 2 (n−1)(n−2)/12 > (b(n) − 1) 2 = |Å 1 2 (S n )| 2 for all n 94. Similarly, the fourth inequality follows from applying the same method but by using the non-isomorphic lower bound of Theorem 2.5. The final two inequalities follow from Lemma 2.2. Some of the inequalities also hold for smaller values of n.
The above sequences are much more likely to resemble the sequence {2 ( n r ) } n r=0 which is log-convex at both ends of the sequence and has a logconcave 'cap' in the middle.
Lower bound on the number of paving matroids
The tightest asymptotic lower bound for the number of matroids was given in Knuth [12] . The method involved proving a lower bound on the number of rank-⌊n/2⌋ paving matroids on S n . Theorem 2.5 showed his lower bound inequality to hold for 2 < r < n ( [12] proved the case r = ⌊n/2⌋) giving a lower bound on the number of (r − 1)-partitions of S n . The class of non-trivial (r − 1)-partitions corresponds directly to the class of rankr paving matroids. It was noted in Dukes [10] that experimental results suggested a particular class of the partitions to be larger than each of the other classes. The following lemma gives a recursion for the enumeration of this class, hence the tightest lower bound possible using this approach when the size of the ground set is of the form 2 m − 1. 
Proof. Let n = 2 m − 1. Given an integer i, let i be its binary representation. Given two integers i, j, let i ⊕ j be binary addition in 2 . In this proof we assume the set S n = {1, 2, . . . , n}. Let U(r, n) : Thus if we take any subset V ⊆ U(r, n), and then insert into V all those r − 1 element subsets of S n which are not contained in any member of V, the resulting collection will be a (r − 1)-partition of S n and hence represents the hyperplanes of a rank-r paving matroid on S n . There are 2 |U (r,n)| choices for V, hence we have |Å r−1 r (S n )| 2 |U (r,n)| . It is now required to find |U(r, n)|,
The initial conditions for this recursion are |U(3, n)| = n 3 /(n − 2) and |U(4, n)| = n 4 /(n − 2). U(3, n) of course corresponds to certain 2-partitions of S n , which are the hyperplanes of rank-3 paving matroids.
Concerning the points-lines-planes conjecture
The following conjecture is stated in Seymour [20] . Originally Welsh [21, 
Conjecture 4.1 (Points-Lines-Planes). For all
with equality if and only if F 3 (M ) = 
Let us also mention that in related work, Kung [14] proved that if M is a simple matroid of rank at least 5, in which all lines contain the same number of points, then
The purpose of this section is to prove that the points-lines-planes conjecture is true for all simple rank-4 matroids if and only if it is true for a special subcollection of them.
Let us briefly outline Knuth's [13] algorithm for constructing all matroids on the finite set S n (i.e. for constructing the class ∪ n r=1 Å 1 r (S n )). We restate the algorithm in a slightly different way to the original paper. Let T be a collection of subsets of S n . Let Expand(T ) := {A∪a : A ∈ T and a ∈ S n −A}. Let Random(T ) be a collection of random sets where each random set properly contains some member of T . Let Refine(T , T ′ ) be the collection of sets T obtained after applying the following:
Repeat until A ∩ B ⊆ C for some C ∈ T ′ for all A, B ∈ T : if A, B ∈ T , A = B and A ∩ B ⊆ C for any C ∈ T ′ then replace A and B in T by the set A ∪ B.
Knuth's random matroids algorithm (1) Let r = 0 and
Otherwise let r = r + 1 and go to step (2). The free erection was first defined in Crapo [6] and an alternative construction of it can be found in Nguyen [17] . We prove the following result using the operations defined above. An alternative proof may be given using the results and terminology of [6, 17] . Proof. If the points-lines-planes conjecture is true, then clearly it is true for all those rank-4 matroids that are the free erection of some rank-3 matroid,
4 (S n ). Conversely, suppose the points-lines-planes conjecture is true for all {Free(M ) :
Consider the collections Refine(Expand(F 2 ) ∪ Random(F 2 ), F 2 ) and Refine(Expand(F 2 ), F 2 ). Let Expand(F 2 ) = {E 1 , . . . , E m } and define E ′ i = E i for all 1 i m. For each 1 i m, if X ∈ Random(F 2 ) and X ⊇ E i , then let E ′ i = E ′ i ∪ X and remove X from Random(F 2 ). Once Random(F 2 ) is empty, we have E i ⊆ E ′ i for all i. Recall from Theorem 4.3 that if A is a well defined collection in terms of
Hence, Refine({E 1 , . . . , E m }, F 2 ) has at least as many sets as 
Numerical values
As mentioned in Section 2, the tables for |M 2 r (S n )| and |M 0 r (S n )| were first given in Blackburn, Crapo and Higgs [4] and Acketa [3] , respectively. These two tables along with the tables for |Å 0 r (S n )|, |Å 1 r (S n )|, |M 1 r (S n )| and |Å 2 r (S n )| were given in Dukes [11] . A modification to the program used to generate these gives the two new tables for the number of paving matroids, |Å r−1 r (S n )|, and non-isomorphic paving matroids, |M r−1 r (S n )| on at most eight elements. 
